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1. Introduction
The steady-state growth theorem states that, if a neoclassical growth model is to possess a
steady state with positive growth and positive capital share, then either the elasticity of
substitution between capital and labour must be equal to one or technical change must be
labour augmenting (Uzawa 1961, Jones 2004). Empirical findings suggest that steady-state
growth is possible. For example, the growth rate of GDP per capita does not show any
specific trend for the past 125 years in the United States.
The puzzle is that there is not much empirical support for the other parts of the theorem.
Although the income shares of capital and labour show no trends in the long run, they are not
constant over time, implying that the elasticity of substitution cannot be equal to one. Many
econometric analyses find it to be less than one (see, e.g., David and Van de Klundert 1965,
Antràs 2004). Empirical evidence also indicates that labour-augmenting technical change is
not a uniform pattern of development across all countries and all periods (Marquetti 2003).
The ongoing decline in the relative prices of new capital goods, such as computers and
semiconductors, can be taken as current evidence for capital-augmenting technical change.
These apparent inconsistencies have awakened economists’ interest in both the theoretical
and empirical analysis of the direction of technical change and the shape of the aggregate
production function. In the spirit of Samuelson (1965), Acemoglu (2003) has developed a
theoretical model in which profit-maximizing firms choose the direction of technical change.
The fact that capital can be accumulated while labour cannot implies that all technical change
is labour-augmenting along the balanced growth path. However, along the transition path
there is typically capital-augmenting technical change. The factor shares are constant in the
long run but can change in the short run.
Jones (2004) has presented a new, idea-based production function whose shape is governed
by the distribution of ideas. It exhibits a local elasticity of substitution between capital and
labour that is less than one but a global elasticity that is equal to one. Production techniques
are ideas that get discovered over time. They indicate how to produce with a particular
amount of capital per labour. A particular technique is thus appropriate at a given mix of
inputs and can be described by a local production function in which the elasticity of
substitution is less than one. If the capital-labour ratio is increased, diminishing returns set in
quickly and the capital share declines. New techniques are needed if firms want to produce
with substantially higher capital-labour ratios. Thus, new ideas, that are appropriate at the
new input mix, must be discovered. The global elasticity of substitution is therefore governed
by the distribution of ideas. Jones has proved that if the distributions related to ideas are
Pareto distributions, then the global elasticity of substitution equals one and technical change
is labour augmenting in the long run.
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On the empirical side of the issue, Antràs (2004) has shown in the spirit of David and Van de
Klundert (1965) that the US economy is not well described by an aggregate production
function that assumes the elasticity of substitution to be equal to one. The new estimates
suggest that, controlling for the biased technical change, the elasticity is likely to be
considerably below one, and may even be lower than 0.5.
Caselli and Coleman (2004) as well as Caselli (2005) have demonstrated that the explanation
to the observed large income differences between countries depends critically on what is
assumed about the elasticity of substitution and about the direction of technical change. If
technology is non-neutral and the elasticity low enough, then differences in factor
endowments between countries can explain most of the measured cross-country variation in
income per capita. But when the elasticity is close to one, then the efficiency with which
factors are used plays a more important role in the explanation, and as much as 50 per cent
of income differences can be attributed to differences in efficiency.
Our aim in this paper is to contribute to this ongoing debate by estimating the aggregate
production function of the Finnish economy. Finland is an interesting test case because its
growth rate of GDP per capita was the highest in Europe in the 20th century. During this
period it developed from a relatively backward agricultural society to a modern Nordic
welfare state. The advancement in prosperity was initially based on the successful utilization
of its natural resources by the forest and basic metal industries in the wake of the second
industrial revolution. Later in the 1990s, the information and communication technology
sector became the leading industry in terms of the contribution to labour productivity and
GDP growth. According to the World Economic Forum (2004), Finland is the most
competitive country in the world. Be that as it may, Finland must, however, be one of those
countries that had to adjust its input mixes of capital and labour rapidly to fit existing
production techniques as well as to develop new ideas that are appropriate for new input
mixes.
The next section introduces the CES production function to be estimated and the method of
estimation. The data and estimation results for the period 1902-2003 are presented in section
3. Section 4 concludes.
2. Model specification
Let us assume that aggregate output Yt in period t can be represented as the following CES
function of capital Kt and labour Lt:
(1)

[

Y t= δ ( At K t ) − ρ + (1 − δ )( Bt Lt ) − ρ

]

−1 / ρ

.
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Here ρ is a substitution parameter, δ a distribution parameter between 0 and 1, A an index of
capital-augmenting technical change and B an index of labour-augmenting technical change.
If factors are paid their marginal products, then the share of payments to capital in total
output is

(2)

δ ( At K t ) − ρ
(σ −1) / σ  Yt 
 
= δAt
s =
−ρ
−ρ
δ ( At K t ) + (1 − δ )( Bt Lt )
 Kt 
K
t

(1−σ ) / σ

.

As the first equality shows, the income share of each production factor depends on the rate of
bias of technical change as well as on the elasticity of substitution between capital and labour

σ = 1/(1+ρ) which is non-negative when ρ ≥ −1 . The second equality demonstrates that,
given the level of At, there is a one-for-one relationship between the capital share and the
capital-output ratio. An improvement in capital productivity (Y/K) increases the capital share
when the elasticity of substitution is less than one. Therefore, it should be no surprise to have
both time series display increasing trends over short periods of time, like the 1990s in
Finland, if the elasticity of substitution is less than one in the short run.
By writing the relative factor share as

(3)

stL 1 − δ  K t / Lt 


=
stK
δ  Bt / At 

(1−σ ) / σ

we can see that, if σ is less than one, an increase in the capital-labour ratio K/L tends to
reduce the income share of capital. Sufficiently fast labour-augmenting technical change can
however cause the capital share to move in the opposite direction. Consequently, if K/L and
B/A growth is at the same rate, constant factor shares can also be consistent with aggregate
production functions with non-unit elasticities of substitution.
The standard way of estimating the parameters of the production function (1) is to apply the
first-order conditions of profit maximization by firms in a competitive framework (for a
review, see Antràs 2004). The one for capital implies that its marginal product equals its real
price:
1

(4)

 Y 
∂Yt
r
= δAt  t  = t .
∂K t
pt
 At L t 
σ
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Here r is the price of capital services and p the price of output. Assuming now that capitalaugmenting technical change takes place over the course of time at the constant rate α, this
can be written as

(5)

r 
Y 
ln t  = γ 1 + σ ln t  + α (1 − σ )t ,
 pt 
 Kt 

where γ1 is a constant.

Denoting the wage rate by w, the first-order condition for labour is
1

(6)

 Y σ w
∂Yt
= (1 − δ ) Bt  t  = t .
∂Lt
pt
 B t Lt 

Assuming that technical change augments labour at a constant rate β, the following estimable
equation is obtained:

(7)

w 
Y 
ln t  = γ 2 + σ ln t  + β (1 − σ )t ,
 pt 
 Lt 

γ2 being a constant.

Equations (5) and (7) can be manipulated to obtain the third estimable equation as

(8)

w 
K 
ln t  = γ 3 + σ ln t  + ( β − α )(1 − σ )t ,
 rt 
 Lt 

where again γ3 is a constant. This can be used to estimate the bias β-α in technical change as
well as the elasticity of substitution σ.
This can also be estimated in the form

(9)

 sL 
K 
σ
ln t  = γ 4 +
ln tK  + ( β − α )t
1 − σ  st 
 Lt 
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which is obtained from equation (3) by taking logs. This is our fourth estimable equation.
Controlling for a possible bias in technical change is important in the estimation. If we
assume that A and B grow at the same rates, then equation (3) implies that σ = 1 in such an
economy where the capital-labour ratio grows over time but the factor shares stay
approximately constant. Consequently, such a misspecification of the estimation equation
biases the estimates towards finding results that support the Cobb-Douglas production
function (Antràs 2004).
3. Data and estimation results

The production function is estimated for the non-residential market sector of the Finnish
economy. The output measure is gross domestic product at basic prices, the year 2000 being
the base year for the volume series. Finnish National Accounts data are used for the period
1960-2003. Information for the earlier years is from Hjerppe (1988). Labour hours and
investment data come from the same sources.
The flow of capital services is assumed to be proportional to the aggregate capital stock.
Capital stocks were first obtained for seven types of assets using the perpetual inventory
method with geometric depreciation profiles. Using their asset prices as weights, the stocks
were then aggregated into a volume index of capital services. The rental price of capital was
computed as the ratio of nominal capital income to the real capital stock.
Labour remuneration data contain wages, salaries and employers’ social security
contributions and come from the Finnish National Accounts for the period 1960-2003 and
from Tiainen (1994) for the earlier years. The wages for the self-employed were imputed on
the basis of the average wage.
Figure 1 displays the data. It reveals the rapid growth of labour productivity Y/L from the late
1940s to the early 1970s as well as the decline in its growth thereafter. The relative price of
labour w/r is also seen to increase and the capital intensity K/L to rise until the early 1990s
when the depression hit the economy. In the 1990s, the real price of capital r/p rose, the
capital intensity stopped growing and the output-capital ratio Y/K improved.
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Figure 1. The time series data (logarithmic indexes, 1900 = ln (100))
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The elasticity of substitution σ and the rates of the factor-augmenting technical changes α and
β are estimated using equations (5), (7), (8) and (9) by assuming that they hold only in the
long-run. Short-run deviations may arise, for example, from the costs of adjusting inputs and
from the fluctuations of factor-augmenting technical changes around their long-run trends. In
addition, for the purpose of econometric modeling and statistical inference, we assume that
the log-levels ln(Y/K), ln(r/p), ln(Y/L), ln(w/p), ln(K/L), ln(w/r) and ln(sL/sK) are generated by
unit root processes, i.e. they are integrated of order one. Under this assumption we may use
cointegration methods to estimate the parameters of interest. We apply Johansen’s (1995)
approach, which is based on the following cointegrated VAR(p) model
p −1

(10)

′
∆xt = ∑ Ψi ∆xt − i + ϕγ ' [xt −1 t ] + µ + ε t ,
i =1

ε t ~ NID(0, Σ),

where Ψi (i=1,…,p-1) and φ are matrices of short-run parameters and xt and γ are as defined
in Table 1. Note that by construction we restrict the deterministic linear time-trend to lie only
in the cointegration space.
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Table 1. Definition of variables and parameter matrices
Equation
(5)
(7)
(8)
(9)

xt

γ
[-1 σ α (1- σ)]'
[-1 σ β (1- σ)]'
[-1 σ (β –α)(1- σ)]'
[-1 σ/(1- σ) (β –α)]'

[ln(Y/K) ln(r/p)]'
[ln(Y/L) ln(w/p)]'
[ln(K/L) ln(w/r)]'
[ln(K/L) ln(sL/sK)]'

The estimation results are presented in table 2. The lag-length choice, p=2, of VAR results
non-autocorrelated residuals. The first two columns relate to Johansen's trace test of the
cointegration rank,1 which in the present context specifically tests for the lack of
cointegration between the component variables of vector xt. The test is a joint test of the
validity of the CES production function and the constant growth rate of factor-augmenting
technical change. Therefore, if no cointegration is found, it may well be due to a poor
approximation of technological trend as a deterministic linear time trend and not necessarily
due to the invalidity of the CES production function. Testing the null of no cointegration is
not entirely satisfactory since we would instead prefer to test for the non-rejection of the null
of cointegration rank one. The cointegration test statistic suffers from poor small-sample
properties. Those sub-samples that cover only two to three decades are rather small for
reliable statistical inference.
The third column reports the estimated elasticity of technical substitution σ assuming that the
cointegration rank equals one, i.e., that the production function is CES and the factoraugmenting technical change can be approximated by a deterministic linear time trend. The
standard error is given in the fourth column. The slope of the time trend in factor-augmenting
technical change is expressed in the next column. The last two columns relate to the joint
term of the trend slope and the elasticity of substitution and its standard error.
Table 2. Estimation results
Capital demand equation (5)
Cointe- p-value of
gration no cointegration
rank
1902-2003
0
0.113
1902-1939
1
0.007
1945-2003
1
0.001
1945-1974
1
0.003
1975-2003
0
0.052

1

σ

std.err

α

α (1- σ)

std.err

-0.16
0.78
0.42
0.08
0.66

0.130
0.047
0.092
0.066
0.065

0.0003
-0.0054
-0.0036
0.0049
-0.0246

0.0004
-0.0012
-0.0021
0.0045
-0.0085

0.00137
0.00069
0.00114
0.00139
0.00167

The computations were done with the PcGive 10.3.
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Labour demand equation (7)
Cointe- p-value of
gration no cointegration
rank
1902-2003
1
0.079
1902-1939
1
0.004
1945-2003
0
0.182
1945-1974
0
0.675
1975-2003
0
0.200
Capital intensity equation (8)
Cointe- p-value of
gration no cointegration
rank
1902-2003
0
0.692
1902-1939
0
0.031
1945-2003
1
0.000
1945-1974
1
0.000
1975-2003
1
0.004
Capital intensity equation (9)
Cointe- p-value of
gration no cointegration
rank
1902-2003
0
0.652
1902-1939
1
0.032
1945-2003
1
0.000
1945-1974
1
0.000
1975-2003
1
0.001

σ

std.err

β

β (1- σ)

std.err

0.83
1.46
0.50
1.26
0.08

0.123
0.090
0.106
0.413
0.087

0.0272
0.0130
0.0407
0.0513
0.0361

0.0046
-0.0060
0.0203
-0.0132
0.0333

0.00400
0.00141
0.00417
0.01895
0.00260

σ

std.err

(β –α)

(β –α)(1- σ)

std.err

-2.42
-8.52
0.44
0.09
0.52

0.913
1.893
0.064
0.072
0.037

0.0340
0.0176
0.0432
0.0416
0.0499

0.1164
0.1677
0.0240
0.0378
0.0242

0.03557
0.03579
0.00244
0.00443
0.00114

σ

σ/(1-σ)

Std.err.

(β –α)

Std.err.

-3.22
-3.68
0.43
0.09
0.49

-0.763
-0.786
0.769
0.097
0.970

0.274
0.208
0.126
0.079
0.09

0.0349
0.0177
0.0421
0.0417
0.0471

0.0038
0.0021
0.0015
0.00252
0.00188

The results for equation (5), based on the first-order condition with respect to capital, show
that the null hypothesis of no cointegration is not rejected for the full sample but is rejected
for all the sub-samples. The estimated elasticity of substitution is implausibly small
(negative) in the full sample. In the sub-samples, its value varies across periods but is always
significantly below one, meaning that the Cobb-Douglas specification is rejected. The point
estimates vary from 0.8 in the pre-war period to 0.1 in 1945-1974. The slope of the trend in
the capital-augmenting technical change is negative, and significantly different from zero in
all the sub-periods except in 1945-1974.
A different set of conclusions on the existence of cointegration as well as on the size of the
elasticity of substitution emerges when we use the first-order condition with respect to labour
input, i.e. equation (7), in our tests. Assuming that the cointegration rank is one in the full
sample gives us a point estimate of 0.8 for the elasticity. We cannot, however, reject CobbDouglas in this case. For the pre-war period the estimated elasticity actually exceeds unity. In
9
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the post-war sub-periods the null hypothesis of no cointegration cannot be rejected under any
conventional significance levels. This contradicts the results obtained from equation (5).
Since specification (5) performs well in that period, this suggests that the linear trend is a
poor approximation of labour-augmenting technical change in the period after 1945.
The combination of the two first-order conditions, i.e. equation (8), gives us a similar picture
as equation (5) for the period 1945-2003. This conclusion also comes out from equation (9) in
which the ratio between labour and capital shares is used instead of the relative price of
labour and capital. Interestingly the difference between the slope of labour and capital
augmenting technical change increases significantly towards the end of the sample period.
To summarize, there is some evidence in the data to support the view that the value of the
elasticity of substitution can be close to one in the long run. This comes in the form that we
cannot reject the null hypothesis of no cointegration and the Cobb-Douglas specification in
the estimation of equation (7) for the period 1902-2003. In all those sub-sample estimations
in which the null hypothesis cannot be rejected, the elasticity of substitution is lower than one
in the periods after 1945. This holds for all specifications of the estimable equation. The
elasticity lies in the range 0.4-0.5 in the estimations for the years 1945-2003.
4. Conclusions

This paper has argued that a Cobb-Douglas specification of the Finnish aggregate production
function cannot be rejected if a sufficiently long enough time period (100 years) is
considered. It is, however, a misleading description of the production technology for shorter
(3-5 decades) periods. Controlling for biased technical change, the elasticity of substitution is
significantly below one, in the range 0.4-0.5, during 1945-2003. The result is consistent with
our earlier findings obtained for shorter periods and based on somewhat different approaches
(Pohjola 1996, Ripatti and Vilmunen 2001).
Using a similar approach, Antràs (2004) found that the elasticity of substitution is likely to be
considerably below one, and may even be lower than 0.5, in the private sector of the US
economy in the period 1948-1998. Given that the Finnish and the US economies are quite
different from each other, the results show that the value of the elasticity of substitution
cannot be dependent on some specific structure of economic institutions but is likely to
reflect more general aspects of technology and production. This finding gives support to
recent theoretical work that is re-examining the sources of economic growth.
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